We show that a basis of a semisimple Lie algebra for which any diagonal left-invariant metric has a diagonal Ricci tensor, is characterized by the Lie algebraic condition of being "nice". Namely, the bracket of any two basis elements is a multiple of another basis element. This extends the work of Lauret and Will [12] on nilpotent Lie algebras. We also give a characterization for diagonalizing the Ricci tensor for homogeneous spaces, and study the Ricci flow behavior of diagonal metrics on cohomogeneity one manifolds.
Introduction
Given a Riemannian manifold (M, g), its Ricci tensor Ric g is also a symmetric 2-tensor, and hence locally (i.e. at each point) there is a basis that diagonalizes Ric g at that point. In this article we study the problem of diagonalizing Ric g globally, in a particular sense that we will describe below. Diagonalizing the Ricci tensor is helpful in studying the Einstein equation (see [4] ), the prescribed Ricci curvature equation, and the Ricci flow on a homogeneous space or more generally a cohomogeneity one manifold.
In particular, we are interested in diagonal metrics on closed cohomogeneity one manifolds under the Ricci flow. The Ricci flow is the geometric PDE (1.1) dg dt = −2 Ric g , g(0) = g 0 for evolving in time a given Riemannian metric g 0 on a manifold M. A cohomogeneity one manifold M is a manifold with an action by a Lie group G so that the generic orbit of the group action has codimension 1. By a diagonal metric on a cohomogeneity one manifold, we mean a metric that is diagonal with respect to a basis consisting of Killing vector fields of the action of G along a geodesic orthogonal to all orbits. See [1] , [2] , [9] and [3] where the Ricci flow on compact cohomogeneity one manifolds is used (sometimes implicitly) to study questions about singularity formation and curvature evolution under the flow. As we will see, Ricci-diagonality for a cohomogeneity one manifold is equivalent to Riccidiagonality for a principal orbit, which is a homogeneous space G · p ∼ = G/H. Therefore, initially we focus our attention on the case where M is a Lie group or a homogeneous space with a leftinvariant metric. In those cases, the metric on M is completely determined by the inner product on a single tangent space. For a Lie group G, the tangent space at the identity element, T e G, can be identified with the Lie algebra g, and we make the following definition.
Definition. A basis B for a Lie algebra g is said to be stably Ricci-diagonal if any diagonal left-invariant metric has diagonal Ricci tensor Ric g .
We can similarly define stably Ricci diagonal bases corresponding to a homogeneous space G/H. Which bases of a Lie algebra g are stably Ricci-diagonal? The question has been answered for nilpotent Lie algebras: Lauret and Will proved [12] that stably Ricci diagonal bases are characterized by the Lie algebraic condition of being nice. For the discussion in the present article, we redefine it as follows.
Definition. A basis B = {X 1 , · · · , X n } for a Lie algebra g is said to be nice if [X i , X j ] is always a scalar multiple of some element in the basis.
Under the assumptions of our article this is equivalent to the definition in [12] . The paper [12] also provides examples of solvable Lie algebras for which stably Ricci-diagonal and nice are not equivalent. In this article we show that the two conditions are equivalent for compact groups.
Theorem A. Let G be a compact Lie group with biinvariant metric Q. Suppose B = {e i } is a Q-orthonormal basis for g. Then B is stably Ricci-diagonal for left-invariant metrics on G if and only if B is a nice basis.
We also give a characterization of the stably Ricci-diagonal condition for a homogeneous space G/H. In order to describe it, we need some more notation. Let Q be a biinvariant metric on g and let B = {e l } l be a Q-orthonormal basis for g. γ i αβ γ j αβ = 0 for all r, s, i = j and e i ∈ n i , e j ∈ n j where n i and n j are modules equivalent under the action of Ad(H).
We will also see that the equations only depend on i, j, i.e., are independent of the choice of basis elements e i ∈ n i , e j ∈ n j . *** In the second part of this article, we focus on cohomogeneity one manifolds. We are interested in the question of whether an invariant diagonal metric on a closed cohomogeneity one manifold (M, G) remains diagonal (in the same basis) when evolved by the Ricci flow. When the answer is affirmative, it implies that there is a time-independent frame that diagonalizes the metric restriction on each orbit. The time-independence is not guaranteed otherwise, isometry preservation notwithstanding. Preservation of diagonality has another important geometric consequence, namely that any curve transverse to all orbits which is a geodesic in the initial metric g 0 , will remain a geodesic (up to reparametrization) in the evolving metric g(t). In [3] , a crucial step was to show that for the specific cohomogeneity one manifolds under consideration in that paper, diagonality of the metric is preserved under the Ricci flow.
The answer to this question a priori depends on the choice of basis used to describe the metric. At a minimum, the basis B must be stably Ricci-diagonal, since otherwise the Ricci flow equation implies that the metric acquires off-diagonal terms to first order in time. However, even if the basis is known to be stably Ricci-diagonal, it is not clear that the flow preserves diagonality of the metric since we cannot rule out the possibility of the metric acquiring off-diagonal components at a slower rate. Nevertheless, it seems natural to make the following conjecture:
Conjecture. Let B be a stably-Ricci diagonal basis for the cohomogeneity one manifold (M, G), and let g 0 be a metric on M that is diagonal with respect to B. Then the Ricci flow evolving metric g(t) is also diagonal in the basis B.
The reason this is a non-trivial question is that an affirmative answer is equivalent to the existence of solutions to a degenerate parabolic system of coupled PDEs in the space (r) and time (t) variables with overdetermined boundary conditions. See [11] for a more detailed discussion on this topic. Thus, this question is distinct from (and more difficult than) the similar question for homogeneous metrics. For the analogous result in the homogeneous setting, it is sufficient that the Ricci tensor of a diagonal metric also be diagonal in the same basis, and the conclusion follows from the existence and uniqueness theorem for ODEs.
We prove that the above conjecture holds for a special class of cohomogeneity one manifolds. To describe this class, we need to introduce some notation. Let (M, G) be a cohomogeneity one manifold with orbit space M/G ∼ = [0, L]. Then M admits a decomposition into disc bundles over the two non-principal orbits,
subgroups of G, and D ± are Euclidean discs with ∂D ± = S ± = K ± /H. Conversely, any collection of groups H ⊂ {K − , K + } ⊂ G where K ± /H are spheres, gives rise to a cohomogeneity one manifold via the above union of disk bundles. We denote by h ⊂ k ± ⊂ g the corresponding Lie algebras. Then the tangent space at a point p in M is identified with h ⊥ ⊕ span{ ∂ ∂r }, where r is a variable parameterizing the orbit space. We use B to denote a basis for h ⊥ and define B ′ = B ∪ { ∂ ∂r }. Theorem C. Let M be a manifold with a cohomogeneity one action by G = SO(n). Suppose that the isotropy groups H, K ± are each products of block embeddings of SO(k)'s. Let B be a basis for h ⊥ that is a subset of the natural basis {E ij } of so(n) and g 0 a diagonal metric with respect to B ′ . Then the metric g(t) satisfying (1.1) is also diagonal with respect to B ′ as long as the flow exists.
Here so(n) is the Lie algebra of SO(n) and E ij is the matrix with a 1 in the (i, j) entry, a −1 in the (j, i) entry and 0's in all other entries. As we will see, {E ij } 1≤i<j≤n is a nice basis for so(n).
In fact, the conclusion of Theorem C holds for a slightly larger class of metrics, see Theorem 5.3. As an application, in the next result we show that the techniques of the main theorem in [3] extend to higher dimensions.
Theorem D. Let M be a manifold with a cohomogeneity one action by SO(n) with a group diagram where the groups H, K ± are products of SO(k)'s in block embedding, and such that there are two singular orbits each of codimension two. Then M admits a metric g 0 such that sec g 0 ≥ 0 and when evolved by the Ricci flow, g(t) immediately acquires some negatively curved 2-planes. This paper is organized as follows. In Section 2 we give some background and explain our notation for invariant cohomogeneity one metrics. The relevant notation for homogeneous spaces is also presented implicitly in this section. In Section 3 we prove Theorem A and Proposition B. In Section 4 we provide examples and investigate the nice basis condition for some semisimple Lie algebras. Section 5 contains the proof of Theorem C. Finally, Theorem D is proved in Section 6.
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Cohomogeneity one manifolds
In this Section, we recall the definition of a cohomogeneity one group action and describe the structure of invariant metrics on a cohomogeneity one manifold. For more details one may refer to [6] , [7] .
2.1. Cohomogeneity one structure. A Lie group G is said to act on a manifold M with cohomogeneity one if the orbit space M/G is 1-dimensional (equivalently, if the generic orbits of the group action are codimension one hypersurfaces). If M is compact, this implies that M/G is either an interval [0, L] or a circle S 1 . The former is guaranteed when the manifold is simply connected. We will assume from now on that M/G = [0, L]. Let π be the quotient map M → M/G. The generic orbits, i.e. π −1 (r) for r ∈ (0, L) are called principal orbits. The open set M 0 formed by the union of all the principal orbits is sometimes referred to as the principal part of M. The orbits B − = π −1 (0) and B + = π −1 (L) are called singular orbits.
Pick any point x − ∈ B − and let γ(r) be a minimal geodesic normal to B − , with γ(0) = x − and meeting the other singular orbit B + for the first time in γ(L) = x + . Then γ(r) for r ∈ (0, L) parametrizes the orbit space. The isotropy group is the same group H ⊂ G at all points γ(r) with 0 < r < L and H is called the principal isotropy group. The isotropy groups K ± at x ± are the singular isotropy groups. Thus each principal orbit is isometric to a homogeneous space G/H and the singular orbits B ± are isometric to G/K ± respectively.
By the Slice Theorem, M is composed of disk bundles over the singular orbits B − and B + , glued along their common boundary G/H. This also implies that K ± /H are diffeomorphic to spheres S l ± . The data H ⊂ K ± ⊂ G is called a group diagram, and determines the cohomogeneity one manifold up to equivariant diffeomorphism.
2.2. Invariant metrics. By symmetry, any invariant metric is completely determined by specifying it along γ. Thus a cohomogeneity one metric on the principal part of M has the following form:
where g r is a one parameter family of homogeneous metrics on the fixed homogeneous space G/H. This metric extends across the singular orbits to yield a smooth metric on all of M if and only if the metric and its derivatives satisfy certain differential conditions known as smoothness conditions at the endpoints r = 0 and r = L (see [13] ).
Diagonal metrics.
We will now explain more carefully what we mean by a diagonal metric on a cohomogeneity one manifold. Let H ⊂ K ± ⊂ G be the group diagram and let h ⊂ k ± ⊂ g be the corresponding Lie algebras. Let Q be a biinvariant metric on g and
The existence of such a basis is also an assumption on the group diagram! For instance, the group diagram described in the following example does not admit such a basis.
Example 2.1. Let {e 1 , e 2 , e 3 } be a Q-orthonormal basis for g = so(3). Consider the group diagram whose corresponding Lie algebras are given by
as an element. A basis that respects the decomposition h
as an element. Since
The vector space h ⊥ can be identified with the tangent space to G/H at [H] in the following way. Let {X * i (r)} m i=1 be Killing vector fields along the curve γ, defined by
Then
. Also, for i = 1, · · · , m, let ω i be the 1-form dual to the vector field X * i . A diagonal metric is one which is of the form
along a fixed geodesic orthogonal to all the orbits.
Remark 2.2. The metric is not necessarily diagonal at points outside the geodesic γ. The value of g(X * i , X * j ) at an arbitrary point of M is determined by its value along γ, with the help of the group action. In particular,
the Killing vector fields X * i and X * j for i = j will in general not be orthogonal at points not on γ. In the next example, we provide a basis that respects the group diagram, but for which we can explicitly check that the basis is not nice and not stably Ricci-diagonal.
Example 2.3. The Kervaire sphere S 5 has a cohomogeneity one action (see [5] ) with the following group diagram:
where d is an odd integer. We select the following basis for g, which respects the inclusions h ⊂ k ± ⊂ g and is orthonormal in the natural biinvariant metric on G: 
Sometimes we will also need the following notation. The isotropy group H acts on n = h ⊥ via the adjoint action, and we have n = n 1 ⊕ · · · ⊕ n l a sum of Q-orthogonal irreducible H-modules. Then, by Schur's lemma, g| n i is a multiple of Q| n i , g| n i = f i (r) · Q| n i at γ(r). It will usually be clear from context whether we are using a given index to denote an H-module or an individual vector.
Nice bases and stably Ricci-diagonal bases
In this Section, we give a Lie-algebraic characterization for a basis to be stably Ricci-diagonal, proving Theorem A and Proposition B. First, we note some properties of the Lie algebra structure constants, which will enable us to simplify the expression for Ric g .
Let G be a compact group with biinvariant metric Q and {e l } a Q-orthonormal basis for g. If γ k ij = Q([e i , e j ], e k ) then
In particular, if any two indices are equal, then that structure constant is zero. We refer to the formulae for Ricci curvature as derived in [7, Proposition 1.14] . The formulae there are for the Ricci curvature of a cohomogeneity one manifold, but it is easy to read off the Ricci curvature of a principal orbit/ homogeneous space by subtracting the second fundamental form contribution, i.e. any term involving derivatives. Using the skew-symmetry to collect terms and simplify, we write the expression for Ric g for a homogeneous space G/H as follows:
where e i ∈ n i , e j ∈ n j and i = j. We omit the formula for the restriction of Ric g to a single H-module n i , since irreducibility of n i implies Ric g | n i is diagonal. A Lie group G is a special case of the above, in which case each module n i is 1-dimensional.
{r,s}
In each case, the sums (with subscript {r, s}) are over unordered pairs of indices r, s, denoting H-modules in the case of G/H and individual vectors in the case of G.
With these preliminaries, we are now ready to show that a nice basis is stably Ricci-diagonal. Proof. As remarked above, by irreducibility of the n i 's, Ric G/H g is diagonal when restricted to a single n i . Thus we need only consider the case when e i ∈ n i , e j ∈ n j with i = j. By assumption, for each pair r, s, γ i rs = 0 for at most one i. Therefore equation (3.2) implies the result. In particular, for a Lie group G, the above proposition implies: Corollary 3.2. Let G be a compact Lie group with biinvariant metric Q. Let B be a Qorthonormal basis for g such that B is a nice basis. Then B is stably Ricci-diagonal.
We will now prove the converse. Proof. Let g = n i=1 f 2 i ω 2 i be a B-diagonal metric on g. If B is stably Ricci-diagonal then the right hand side of (3.2) must equal 0 for every choice of values f k . This gives us equations the structure constants γ c ab must satisfy, and choosing sufficiently many values of the constants f k , we will show that γ i rs γ j rs = 0 whenever i = j. If we let g 0 be the diagonal metric where f k = c for each k, then Ric g 0 (e i , e j ) = 0 implies Now, fix a pair of indices r 0 and r 1 . Consider the diagonal metric g 2 where f r 0 = f r 1 = √ 2c and f s = c for all s = r 0 , r 1 . The condition that Ric g 2 (e i , e j ) = 0 can be written as
Hence,
Therefore we obtain In particular, γ i r 0 r 1 γ j r 0 r 1 = 0. Since i, j, r 0 and r 1 were chosen arbitrarily, this shows that γ i rs γ j rs = 0 for each r, s, and i = j. By skew symmetry, this implies that γ i rs γ j rs = 0, hence for any fixed r and s, there is at most one index i such that γ i rs = 0. In other words, [e r , e s ] (if non-zero) is a multiple of a single basis element. Therefore B is a nice basis.
As a result, we have:
Proof of Theorem A. A direct consequence of Corollary 3.2 and Theorem 3.3.
The proof of Proposition B is analogous, taking into account that g| n i = f 2 i Q| n i . We will now address Ricci-diagonality for cohomogeneity one manifolds. We have: Proof. We can use the formulae for Ric g from [7, Proposition 1.14]. We will determine when the off-diagonal terms of Ric g are zero. Firstly, we note that for any diagonal metric g, Ric g ( ∂ ∂r , X) = 0 for any X tangent to the orbit G/H.
Since the second fundamental form is diagonal, we have Ric g (e i , e j ) = Ric gr (e i , e j ) when e i ∈ n i and e j ∈ n j distinct H-modules. Therefore, Ric g (e 1 , e 2 ) = 0 if and only if Ric gr (e 1 , e 2 ) = 0. If e 1 , e 2 belong to the same H-module n i , then Ric g (e 1 , e 2 ) = Ric gr (e 1 , e 2 )
Thus Ric g (e 1 , e 2 ) = 0 if and only if Ric gr (e 1 , e 2 ) = 0.
Thus, for cohomogeneity one manifolds, the problem is reduced to understanding the stably Ricci-diagonal condition for a homogeneous metric on G/H.
Examples
In this Section, we examine some standard bases of semisimple Lie algebras to see if any of them are nice (and consequently stably-Ricci diagonal).
so(n).
A basis for the Lie algebra so(n) is given by {E ij } 1≤i<j≤n . Recall that E ij is defined to be the n × n matrix with a 1 in the (i, j) entry, a −1 in the (j, i) entry, and 0 in all other entries. It is easy to see that the brackets are given by
The Lie bracket skew-symmetry and the fact that E ji = −E ij , yield all remaining brackets. From this it is clear that {E ij } i<j is a nice basis. By 3.2, this implies it is stably Ricci-diagonal.
u(n). A basis for the Lie algebra u(n) is given by
• E pq is as defined earlier.
• F pq is the matrix with i in the (p, q) and (q, p) entries and 0 in all other entries.
• H l is the matrix with an i in the (l, l) entry and 0 in the other entries. Then B is not a nice basis since, for example, [E 12 , F 12 ] = diag(i, −i, 0, · · · , 0) = H 1 − H 2 . 4.3. su(n). A basis for su(n) is given by
where E pq , F pq are as above and G l = H l − H l+1 . Then this basis is not nice, since, for example,
But B is also not orthogonal w.r.t. biinvariant metric! However, note that for any basis B for su(n) that contains {E pq } ∪ {F pq }, the set of brackets of basis elements contains the n C 2 linearly independent elements {H i − H j } i<j . At most n − 1 of these brackets can also be basis elements, thus B is not a nice basis.
sp(n).
A basis for the Lie algebra sp(n) is given by
• Y pq is the matrix with j in the (p, q) and (q, p) entries and 0 in all other entries.
• Z pq is the matrix with k in the (p, q) and (q, p) entries and 0 in all other entries.
• S l is the matrix with an j in the (l, l) entry and 0 in the other entries.
• T l is the matrix with an k in the (l, l) entry and 0 in the other entries.
• E pq , F pq , and H l are as defined earlier. Then B is not a nice basis either, since [E 12 , F 12 ] = diag(i, −i, 0, · · · , 0) = H 1 − H 2 . 4.5. g 2 . A basis for the Lie algebra g 2 ⊂ so(7) is given by Then, [X 1 , X 6 ] = X 9 − X 10 , so this is not a nice basis. But it is also not orthonormal. Thus, the basis {E ij } for so(n) is the only nice basis amongst the above examples. It would be an interesting question for future investigation to find whether the semisimple Lie algebras apart from so(n) do admit nice bases, and if so, to describe them.
Group diagrams involving standard basis of so(n)
In this Section, we restrict our attention to group diagrams where the groups G, K ± , H are all standard block embeddings of SO(k) or products of SO(k)'s in SO(n). For this class of cohomogeneity one manifolds, there exists a nice (and hence stably Ricci-diagonal) basis adapted to the group diagram, namely a basis consisting of E ij 's. The main result of this section is the proof of Theorem C. The proof proceeds via the observation that diagonal metrics on such a manifold have more symmetries than general SO(n)-invariant metrics. Proof. We first observe that any isomorphism φ : G → G such that φ(K ± ) ⊂ K ± and φ(H) ⊂ H induces a diffeomorphism Φ of M. Indeed, fix a geodesic γ for which the stabilizer groups are K ± , H. Any p ∈ M is of the form p = g p · γ(r) for some r and g p ∈ G. Define Φ(g · γ(r)) = φ(g) · γ(r). Then Φ is well-defined since Φ(gh·γ(r)) = φ(g)φ(h)·γ(r) = φ(g)·γ(r) for 0 < r < L and similarly for r = 0, L. If d(φ) e | h ⊥ is an isometry, then Φ is an isometry on the regular part of M since G acts by isometries as well.
In our case, we define φ A : G → G as conjugation by a diagonal element A in O(n). Then φ A preserves the groups K ± , H and takes a basis vector E ij ∈ B into ±E ij and hence the induced diffeomorphism Φ A : M → M is an isometry in the diagonal metric.
Proposition 5.2. Let V be a subspace of so(n) spanned by a subset of the E ij 's. If g is a metric on V which is invariant under Ad A for all diagonal A ∈ O(n) then g is diagonal in the standard basis consisting of E ij 's.
Proof. For each pair of linearly independent elements E ij , E kl ∈ so(n), there exists an element A ∈ O(n) such that Ad A E ij = E ij and Ad A E kl = −E kl . Indeed, if {i, j} ∩ {k, l} = ∅ then we can take A to be the diagonal matrix with a −1 in the (k, k) entry and 1's in the other diagonal entries. If {i, j} ∩ {k, l} = {i} then without loss of generality we are considering E ij and E il , and we can take A to be the diagonal matrix with −1 in the (i, i) and (j, j) entries and 1's in the other diagonal entries.
Then, invariance of the metric under the Ad O(n) -action implies g(E ij , E kl ) = 0, since
We are now ready to prove Theorem C.
Proof of Theorem C. Let g be a diagonal metric on M. By Proposition 5.1, each diagonal matrix A ∈ O(n) yields an additional isometry Φ A of (M, g 0 ).
Since isometries are preserved under the Ricci flow, each Φ A is an isometry of (M, g(t)) as well. Now, by Proposition 5.2, any metric invariant under all the Φ A 's, must be diagonal. Thus g(t) is diagonal for each t > 0 as well.
In fact, the conclusion of Theorem C is also true for a slightly larger class of cohomogeneity one group diagrams.
Theorem 5.3. Suppose that the group diagram of the manifold M is such that
is a finite subgroup of G and B acts on H 0 or K 0 ± by conjugation, i.e. B is in the normalizer of H 0 , K 0 ± . Then the diagonality of metrics is preserved under the Ricci flow.
Proof. In the above situation, M is the quotient by the right action of B on the manifold M whose group diagram is H 0 ⊆ K 0 ± ⊆ G. Therefore, any cohomogeneity one metric g on M can be lifted to a cohomogeneity one metricg on M such that (at points on γ)g is invariant under the conjugation action by B. If g is diagonal then so isg.
Evolve the (diagonal) metricg via the Ricci flow. By Theorem C, the evolving metricg(t) on M is diagonal. Since isometries are preserved under the Ricci flow, the (diagonal) evolving metric g(t) remains invariant under conjugation by B, and hence descends to a diagonal metric g(t) on M, such that g(t) also satisfies the Ricci flow equation with initial metric g. By uniqueness of solutions to the Ricci flow, this shows that the metric on M remains diagonal under the Ricci flow.
The arguments above relied on the choice of basis elements {E ij } for the Lie algebras of H, K and G, which was made possible by assuming these groups were block embeddings of products of SO(k). Below we make the observation that if we want to work with connected Lie groups having basis consisting of some number of standard basis elements {E ij } in so(n), then the only possibility for the groups H and K are block embeddings of products of SO(k)'s.
Proposition 5.4. Let k be a subalgebra of so(n) that is generated (as an R-vector space) by some subset S of the E ij 's. Then k is the direct sum of subalgebras of the form so(k) in block embedding and hence K is a product of SO(k)'s in block embedding. Proof. A time-dependent diagonal metric g and diagonal Ricci tensor can be written as:
Differentiating the metric term by term with respect to t yields
On the other hand, by [7, Proposition 1.14] the Ricci tensor can be written in terms of the metric and the structure constants γ k ij as
Substituting these in the Ricci flow equation (1.1) and comparing coefficients then yields the result.
We now use this system of PDEs to study the Ricci flow behavior of sectional curvature on a special class of cohomogeneity one manifolds. Theorem 6.2. Let M be a cohomogeneity one manifold with the action of SO(n) with a group diagram where the groups H, K ± are products of SO(k) in block embedding, and such that there are two singular orbits each of codimension two. Then M admits a metric g such that sec g ≥ 0 and when evolved by the Ricci flow, g immediately acquires some negatively curved 2-planes.
Proof. Since the cohomogeneity one manifold (M, G) has codimension 2 singular orbits, by Grove-Ziller [6] , M admits a G-invariant metric g GZ with sec ≥ 0. By the construction in [6] , one can arrange that the metric is diagonal in a basis coming from the standard basis vectors of so(n). By Theorem C, the evolving metric g(t) will be diagonal in the same basis, and hence the components of the metric will staisfy (6.1).
By the Grove-Ziller construction, up to relabelling of indices, the functions f i that determine the metric have qualitative behaviour as follows. At a singular orbit, i.e. r = 0, f 1 vanishes, and the remaining functions f i are equal and constant in a neighborhood of r = 0. As a consequence, if we define µ(r) to be the 2-plane spanned by ∂ ∂r and X 2 then sec g GZ µ(r) = − f ′′ 2 f 2 = 0 for r close to 0. Here ′ denotes derivative with respect to arclength along γ(r). We will compute the first variation of sec g(t) µ(r) at t = 0. Using the assumptions about the f i 's in a neighborhood of r = 0 for the metric g GZ ,
By regularity of f 2 , (f 2 ) rrt = ((f 2 ) t ) rr which we can compute by twice differentiating with respect to r the equation in 6.1 corresponding to f 2 . We compute this derivative at t = 0 (i.e. for the metric g GZ ) and for r > 0 close to 0. As a result, f i = c for i > 1, for some constant c. Hence (f i ) r = (f i ) rr = 0 for each i > 1, so the expression for (f 2 ) t in a neighborhood of r = 0 reduces to
Summands where neither of j, k is 1 vanish because of the condition that f i = c for all i > 1. Also, without loss of generality we have assumed that 3 is the unique index j such that γ 2 1j = γ 2 j1 is non-zero. That there is only one such index follows from the fact that {E ij } is a nice basis. If the basis is not nice then there will be additional summands of the same form as the second and third summand in the above expression, with 3 replaced by the suitable index j for which γ 2 1j = γ 2 j1 is non-zero. Therefore,
=⇒ (f 2 ) trr t=0 = (γ 2 13 ) 2 c 3 · ((f 1 ) 2 r + f 1 (f 1 ) rr ) By the smoothness conditions at a singular orbit, f 1 (r = 0) = (f 1 ) rr (r = 0) = 0 and (f 1 ) r (r = 0) = a for some a ∈ Z + . Therefore for small enough r > 0, (f 1 ) 2 r + f 1 (f 1 ) rr > 0, hence (f 2 ) trr > 0 and d dt sec(µ(r)) t=0 < 0. We conclude that for small enough t > 0, sec g(t) (µ(r)) < 0.
